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Abstract—The theory of wave reflection from spherical obstacles was applied for determination of the
cause of the shadow created by plane wave pulses incident on rigid, steel, gaseous spheres and on spheres
made of kidney stones. The spheres were immersed in water which was assumed to be a tissuelike medium.
Acoustic pressure distributions behind the spheres with the radii of 1 mm, 2.5 mm and 3.5 mm were
determined at the frequency of 5 MHz. The use of the exact wave theory enabled us to take into account
the diffraction effects. The computed pressure distributions were verified experimentally at the frequency
of 5 MHz for a steel sphere with a 2.5-mm radius. The experimental and theoretical pulses were composed
of about three ultrasonic frequency periods. Acoustic pressure distributions in the shadow zone of all
spheres were shown in the amplitude axonometric projection, in the grey scale and also as acoustic isobar
patterns. Our analysis confirmed existing simpler descriptions of the shadow from the point of view of
reflection and refraction effects; however, our approach is more general, also including diffraction effects
and assuming the pulse mode. The analysis has shown that gaseous spherical inclusions caused shadows
with very high dynamics of acoustic pressures that were about 15 dB higher in relation to all the other
spheres. The shadow length, determined as the length at which one observes a 6-dB drop of the acoustic
pressure, followed the relation r_ s = 3.7a*/\ with the accuracy of about 20% independent of the sphere
type. A denotes the wavelength and a the sphere radius. Thus, a theoretical possibility of differentiating
between gaseous and other inclusions and of estimation of the inclusion size in the millimeter range from
the shadow was shown. The influence of the frequency-dependent attenuation on the shadow will be consid-
ered in the next study.
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INTRODUCTION suelike medium. Next, we explore the usefulness of this
information to the diagnostic ultrasonic examination.
Until now one can find in the literature only stud-
ies describing the shadow produced by structures in
an ultrasonic field from the point of view of geometri-
cal (ray) acoustics. In such cases, the ratio of the struc-
ture dimension to the wavelength, which is important
for its detection and for diffraction effects, is com-
pletely ignored. Moreover, all the existing reports as-
sume that the shadowing structures are in the form of
a circular cylinder, which is convenient for explaining

The shadow that occurs in ultrasonography behind var-
jous pathological structures like cancerous tissue,
cysts, calcifications, gas bubbles and so forth contains
information about the detected structure. However, the
existing theory, based on geometric acoustics, does
not allow the nature of the detected structure to be
identified.

The purpose of this article is to find a numerical
description of the ultrasonic shadow produced under the

plane-wave condition assuming that the shadowing struc-
ture is in the form of a sphere with various acoustic
parameters different from those of the surrounding, tis-
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the refraction phenomena (see, e.g., Robinson et al.
1981; Soetano and Reid 1991; Ziskin et al. 1990).
However, they do not occur in the majority of cases in
clinical ultrasonography (with the exception of blood
vessels). Another limitation is caused by considering
the continuous radiation mode while, in reality, short
pulses are used.
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Fig. 1. Coordinate system used: r—radius (distance from

the sphere center 0), §—azimuth, z—symmetry axis, a—

sphere radius, PF—front of the incident plane wave, 0’ —
observation point.

In our study, we investigate small pathological
structures in their first stage of development, which
are of greatest importance for the early diagnosis of
pathological processes. Therefore, we have chosen
structures of spherical shape with small radii of 1 mm,
2.5 mm, and 3.5 mm. In such cases, diffraction effects
are the determinant for the shadow formation and they
cannot be described by geometrical (ray) acoustics.
Only the wave acoustics applied in this article are re-
sponsible for the exact description of the shadowing
effects. Consequently, the corresponding mathematical
equations were applied and considerable numerical
computations were carried out to visualize the shadow
in various presentation modes.

Such a treatment was applied by the first two
authors to investigate shadows in the case of continu-
ous waves (Filipczynski and Kujawska 1989; Filip-
czynski et al. 1991). The problem will now be investi-
gated from the point of view of ultrasonography where
extremely short pulses are applied.

Water was chosen as a tissuelike medium for the
following reasons. First, densities and wave speeds of
water and soft tissues are similar (attenuation is en-
tirely different). However, we wanted first to simplify,
as much as possible, the complicated phenomenon of
the shadow formation by neglecting the frequency-
dependent attenuation. Second, water enabled us to
measure pressure distributions in the shadow range
point-by-point to verify the derived theoretical and nu-
merical procedures. The influence of attenuation on
the shadow formation will be analysed in the next stage
of this study.

FUNDAMENTAL RELATIONS

The shadow behind a sphere can be determined
from expressions describing the acoustic pressure, p;,
emerging around the sphere. It is the sum of acoustic
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pressures of the plane wave p; incident on the sphere
and of the wave p, reflected (or scattered) from the
sphere (Morse and Ingard 1968)

Ds =pi +p: (D)

The acoustic pressure of the wave reflected from the sphere
is obtained as the solution of the scalar wave equation in
the medium surrounding the sphere for boundary condi-
tions corresponding to the sphere material.

The monochromatic plane pressure wave incident
on the sphere (Fig. 1) is (Hasegawa et al. 1977; Rud-
gers 1969):

pi (1) = pexp[jw(t — r cos 8/c)]
' = p.expljka(ct — r cos 8)/a]
= p,exp(jkat')

The wave reflected from the sphere can be presented
in the form: :

p.(t) = p.(al2r) fi(ka) exp[jw(t — r/c)]
= p,(al2r) f;(ka) exp[jkaTt

In Eqns (2) and (3), describing the incident and
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Fig. 2. Principle of the measurement system: T—transmitter,

P—ultrasonic probe, S—sphere, H—membrane of the

PVDF hydrophone, E—hydrophone’s electrode, A—wide-

band amplifier (28 dB), F—Ilow pass filter 29 MHz, O—

oscilloscope LeCroy 945A, M—microscope table, SH—

sphere holder, WT—water tank, X —axis of the ultrasonic
beam.
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Fig. 3. Shape of the ultrasonic pulse used in calculations
(solid line) and applied in measurements (dashed line).

the reflected waves, dimensionless time coordinates 7
and 7 were introduced, respectively (Rudgers 1969)
They are equal to:

7' = (ct— rcos #)/a and

T = (ct - r)/a (4ab)
hence, one obtains the relation:
T=7"+(cos@ — )r/a (5)

One should notice that 7/ = 7 when r = QO or § = 0.
It means that both waves (incident and reflected ) reach
the coordinates r = 0 and @ = O at the same time.

Ji(ka), occurring in Eqn (3), is called the reflec-
tion form function. It equals (Rudgers 1969):

fi(ka) = —2(kr/ka)exp(jkr) Y, (2m +

m=0
X (_j)m+lSin nmexp(jnm)
R (kr)P,(cos 6) (6)
where P, is the Legendre polynomial, j,, is the spheri-
cal Bessel function, A is the spherical Hankel func-

tion of the second kind, r is the distance from the
sphere center and 6 is the azimuth (Fig. 1), and:

J sin 0,eXp(jnm) = Cn @)

is a complex number that can be found from boundary
conditions on the sphere surface (see Appendix).

Because the system under consideration is as-
sumed to be linear and invariant, there exists in the
(dimensionless) frequency domain ka the following
relation:

S,(ka) = H(ka)- S; (ka) (8)

where S,(ka), S;(ka) denote spectra of the reflected
and incident pulses, and H(ka) is the (spectral) trans-
fer function. It can be found as the response of the
system to the unit harmonic signal exp(jkat)
(Dieulesaint and Royer 1974). Therefore, one obtains,
from Eqn (3):

H(ka) = (al2r) fi(ka) €))

It means that every monochromatic component of the
incident pulse spectrum should be multiplied by the cor-
responding value of the transfer function in Eqn (9).

The pulse shape of the reflected wave can be ex-
pressed by the inverse Fourier transform:

6 8
17 Jmm/

Fig. 4. Measured (thin curve with points) and computed
(thick curve) pressure distributions behind the steel sphere
(sphere radius a = 2.5 mm, f = 5 MHz, ka = 16.7x). Vertical
coordinate presents the voltage measured by the hydrophone,
horizontal coordinate—off-axis distance. The distance be-
tween the sphere center and the electrode equaled 35 mm.
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Fig. 5. Same parameters as those in Fig. 4, however, Tor the
small distance between the sphere center and the electrode,
r= 108 mm.
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p(7) = (1/2m)p, | (al2r)f(ka)S;(ka)

X exp(jkar)d(ka) (10)

where §; is the spectrum of the incident pulse equal to:
Si(ka) = r pi(7')exp(—jkar')dr' (11)

The interference of the reflected pulse in Eqn (10)
with the incident pulse:

pi(T")

= p,(1/27) f S; (ka)exp(jkat')d(ka) (12)

finally forms the ultrasonic field around the sphere.
It is assumed that the incident ultrasonic pulse
with the carrier frequency f, = k,c/2x has an envelope
of the Hanning function.
For the Hanning pulse with b sinusoidal cycles (b
= 4) the acoustic pressure of the incident wave equals:
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pi(t") = N(y)sin k.ar (13)
cos’[w(t’'/d — })], when |y| <}
Ny =
0 when |y| > 1
and:
d =2nblk,a

The spectrum of this pulse:

d
S;(ka) = (2/p")f sin(k,ar’)cos)[w(7'/d — })]
X exp(—jkar')dTt’

can be found by means of indefinite integral tables
(Bronsrtejn and Semendjajev 1967).

All the spherical functions were determined up to
the order of m = x + 15, where x is the argument of
the corresponding function; recursion formulac were
also used (Rzhevkin, 1960).

MATERIAL OF SPHERES

Four types of sphere material were considered:
rigid spheres (r), steel spheres (s), spheres made of
kidney stones (k) and gaseous spheres (g). The first
and the last ones represent two extreme cases of materi-
als with highest and very low acoustic impedances.
The rigid sphere is interesting as a theoretical model
and can be relatively simply described mathematically.
Also, the interpretation of the wave diffraction is sim-
ple since such a sphere is impenetrable for waves. For
the same reason the gaseous sphere is of interest. It is
also important as a bubble model, because bubbles are
frequently observed during ultrasonic examination (in
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Fig. 6. Geometry of the sphere and the hydrophone’s elec-
trode AB. r,—path length of the diffracted wave reaching
the point A, r;—path length of the diffracted wave reaching
the point B. AB = 2b—diameter of the electrode, 00’ = r
distance between the electrode and the sphere center.
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intestines, in biliary ducts and so forth [Kowalski
1994]).

In the case of rigid spheres, the coefficient, c,,,
equals simply (see Appendix):

Cm = —jm(ka)/ R’ (ka) (16)
while, for a gaseous sphere, one obtains (see Appendix)
Cn = —jm(ka)/ b (ka) (17)

The spheres made of kidney stone material are
typical elastic structures with properties between rigid
and gaseous spheres. They can also be used to repre-
sent calcifications, which are common in the case of
neoplastic disease.

Acoustic properties of kidney stones, ¢, = 3015
m/s, pc = 476 X 10° kg/m’ (p = 1600 kg/m?),
were taken from Singh and Agarwal (1990). The value
of the Poisson ratio (v = 0.2) was assumed (as for
porcelain and glass ). Hence, the transverse wave speed
could be determined (Filipczyiiski et al. 1966):

e =cl2(1 =v)/I( —20)]""* =1840 m/s (18)

The coefficient, c,, [see eqn (7)], could now be
determined by means of Eqns (A1)-(A7) (see Ap-
pendix).

Steel spheres were chosen mainly as their proper-

Fig. 7. Computed pressure distributions behind the sphere

of the kidney stone 2.5 mm in radius (f = 5 MHz, ka =
16.7m) presented in the axonometric projection r, 8, A. A
pressure amplitude.

ties are close to rigid spheres and due to their accessi-
bility. Wave speeds and the density used for calcula-
tions were: ¢, = 5900 m/s, ¢, = 3260 m/s and p=
7800 kg/m?.

EXPERIMENTAL DETERMINATION OF
PRESSURE DISTRIBUTIONS

To verify our analysis and its numerical results,
measurements were performed in the shadow zone be-
hind a stainless steel sphere 2.5 mm in radius immersed
in water, which has tissuelike properties. The sphere
was located on the top of a very thin plastic foil (Fig.
2). The ultrasonic incident wave pulse with the fre-
quency of 5 MHz was generated by a transceiving
probe (Unipan 5L0 25°C). To approach the conditions
typical for ultrasonography, a short electric pulse was
generated, resulting in the ultrasonic pulse shown in
Fig. 3. It was measured for / = 51.5 cm by means
of a PVDF membrane hydrophone with an electrode
diameter of 0.5 mm. Also in Fig. 3, the theoretical
pulse (Hanning pulse) used in the calculations is
shown. The two pulses seem to be very similar.

Pressure distributions measured in the incident
wave perpendicularly to its propagation direction have
shown that the incident wave is locally plane (*0.5
dB) at least in the region of I’ = +4 mm where I’ is the
off-axis distance. The measurements of the pressure
distribution were carried out in distances r = 24—45
mm behind the sphere showing good agreement with
theoretical curves (Fig. 4). The distributions obtained
have an axial symmetry with a main maximum (main
lobe) on the beam axis. Then they show two valleys
situated symmetrically.

Only at smaller distances, r, one obtains a dis-
agreement in the value of the main lobe amplitude
(Fig. 5). This can be explained by the fact that the
hydrophone’s electrode diameter (0.5 mm) is too large
for smaller distances, r. It can be easily shown that in
such a case one obtains the averaging effect on the
electrode due to its finite size. Assuming that the differ-
ence between the extreme path lengths of the diffracted
wave (Fig. 6) should be e = (§)\ one obtains, for
the maximum electrode radius at the distance of r =
4a, the value (Beissner 1985):

b = (eN/2){r*[a® — (eNs)?]7 + 1}'72
=008 mm 19)

This means that, in this case, the electrode diameter
should be about three times smaller than the one used in
our hydrophone. Thus, one can finally conclude that our
theoretical results were confirmed by measurements.
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Fig. 8. Computed grey-scale shadow images behind spheres with radius a = 2.5 mm (f = 5 MHz, ka = 16.7x).
r—rigid sphere, s—steel sphere, k—kidney stone sphere, g—gaseous sphere.

PRESSURE AMPLITUDE DISTRIBUTIONS
BEHIND THE SPHERE

A demonstrative image of pressure amplitudes be-
hind the sphere was obtained in axonometric projection
in the coordinate system r, , A, where A denotes the
pressure amplitude. It shows distinctly that the shadow
formation is an interference process. Figure 7 presents
as an example the computed distributions behind a
sphere, 2.5 mm in radius, made of the kidney stone.
It shows high peaks (pressure maxima) on the beam
axis (for § = 0). Near the sphere, some of them are
even higher than the level of the incident wave (as-
sumed to be 1). However, the peaks change their
shapes by becoming flatter and diminishing with dis-
tance. The two valleys (pressure minima) located sym-
metrically on both sides of the beam axis represent
the main shadowing effect. One can also observe the
succeeding maxima and minima when increasing the
angle 8. However, they are much smaller and diminish
with angle 8. Their contribution to the shadow effect
is much smaller although clearly visible in the grey-
scale images.

Maximum pressures occurring on the shadow
beam axis (6 = 0) are, in some cases, higher than the
amplitude of the incident wave. This may be caused
by waves diffracted around the sphere and meeting
with the same phase on the symmetry axis z behind
the sphere. A similar effect was observed in optics
(Filipczynski et al. 1991). Minima of pressures occur

a r a

2= el o

a=1 mm a=3.5 mm

Fig. 9. Computed grey-scale shadow images behind spheres
made of kidney stone with the radius of 1 mm and 3.5 mm
(f = 5 MHz, ka = 6.677 and 23.3., respectively).
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Fig. 10. Dynamics of acoustic pressures represented in grey-scale shadow images of Fig. 8.

near the symmetry axis at the places where the dif-
fracted waves are overlapping with opposite phases.

SHADOW OF THE SPHERE IN THE GREY
SCALE

The shadow in ultrasonography is usually pre-
sented as a two-dimensional image in angular (r, )
or rectangular (x, y) coordinates. It is vizualized on
the monitor screen due to scattering of the ultrasonic
beam on tissue inhomogeneities which form a bright
background. In this way, higher acoustic pressures gen-

Table 1. Dynamics of acoustic pressures occurring in
shadow beams for various spheres (in decibels).

a= Dynamics

Type of sphere 1mm 25mm 35mm Mean SD

13 16 22 17.0 2.8
12.5 15 18 15.2 28
13 17 19 16.3 3.0
25 32 38 317 6.5

erate brighter points while lower pressures indicate the
shadow.

The brightness dynamics of monitor screens
allows for values up to 40 dB, therefore, it is necessary
to use lin—log amplifiers to compress various tissue
echoes, even those reaching dynamics values equal to
100 dB.

Computed pressure distributions were imaged in
the grey scale, representing the dynamics of 38 dB
composed of 2-dB steps. Zero level corresponded to
the incident wave pressure (with the amplitude equal
to 1). Since the pressure amplitudes on the symmetry
axis behind the sphere were sometimes higher than 1
the maximum grey-scale level of +6 dB was chosen.

The pressure field was determined for the dis-
tance, r, in the range from 2a to 364 (in 2a steps) and
for the angle 8 = +30° (in 0.2° steps). A transforma-
tion of the polar into rectangular coordinates and a
linear interpolation were carried out when performing
the shadow beam patterns.

Fig. 8 presents as an example grey-scale shadow
image of pressure distributions computed behind rigid,
steel, kidney stone, and gaseous spheres. The sphere
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radius in all the cases was equal to @ = 2.5 mm (f =
5 MHz, ka = 16.7x).

Similar grey-scale images of pressure distribu-
tions were obtained for spheres of the same materials,
however, with the radius equal to 1 mm and 3.5 mm
(f = 5 MHz, ka = 6.677 and 23.37, respectively).

Figure 9 shows an example the grey-scale shadow
images of kidney stone spheres with radii of 1 mm
and 3.5 mm. ,

Figure 10 shows the comparison of the pressure
dynamics occurring in all the spheres with a diameter
of 2.5 mm. For every sphere the full grey-scale is
given (on the left) and part of the grey scale, which
is represented in the actual shadow beam (on the
right). In this way the dynamics of pressures forming
the shadow beam is shown. The corresponding values
for spheres of various sizes and types of materials are
listed in Table 1.

It is interesting to note a difference in acoustic
pressure dynamics of gaseous spheres reaching the
value of 15 dB when compared with all the other
spheres (see Fig. 10). This observation is independent
of the size of the sphere.

It is interesting to note that our approach is consis-
tent with and in fact is a generalization of the simpler
existing descriptions utilizing geometric (ray) acous-
tics of reflection and refraction when a circular struc-
ture is placed within an ultrasonic beam.

We present grey-scale shadow images of two
cysts causing a convergent refraction (CR) and diver-
gent refraction (DR) in Fig. 11. The convergent cyst
shows a great increase of the acoustic pressure (bright
patch) on the shadow axis near to the sphere surface
while the divergent cyst has many additional bright
side lobes of the main shadow due to the wave reflec-
tion and refraction on the cyst surface. The two images
are in agreement with the computer-generated descrip-
tion of the paths of ultrasonic rays presented by Ziskin
et al. (1990).

One should note that the shadow images obtained
show an ideal case of visualization. In a real B-scan
type of image the amplitude of returning echoes is
more complicated. In our case, it was assumed that the
echo amplitude is proportional to the incident in situ
pressure. In practice, it depends also on the intrinsic
echogenicity of acoustic discontinuities in the back-
ward path of the echoes.

ACOUSTIC ISOBARS

Acoustic isobars, curves of constant acoustic pres-
sure, are suitable for quantitative purposes. Figure 12
shows, as an example, isobars behind gaseous and kid-
ney stone spheres with a radius of 2.5 mm (f = 5

Volume 22, Number 2, 1996

CR DR

Fig. 11. Computed grey-scale images of spherical cysts caus-

ing a convergent refraction (CR) (wave speed in the cyst:

1300 m/s; in the surrounding tissue: 1500 m/s) and causing

a divergent refraction (DR) (wave speed in the cyst: 1700

m/s). Spherical cyst radius ¢ = 2.5 mm, f = 5 MHz, ka =
16.7x.

MHz, ka = 16.77). The numbers at the curves should
be multiplied by 2 to obtain, in decibels, the level
change in relation to the incident wave level (corre-
sponding to 0 dB). To facilitate the readings of decibel
numbers at isobars the figure was enlarged horizontally
(by 2.6 times), though it causes some deformations of
the isobar pattern.

In previous articles, the first two authors (Filip-
czyniski and Kujawska 1989; Filipczynski et al. 1991)
have derived the following formula for the shadow
length behind a rigid sphere (for the ka range 12—600)

I_edB = xa2/)\ (20)

where r_gp is the length at which the pressure drop
equals 6 dB in relation to the incident wave, \ is the
wavelength, a is the sphere radius, and x is the propor-
tionality factor for continuous wave (x,,) equals 3.6.

Acoustic isobars corresponding to the 6-dB pres-
sure drop, computed for all the spheres under consider-
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Fig. 12. Acoustic isobars computed for kidney stone (k) and gaseous (g) spheres (@ = 2.5 mm, f = 5 MHz, ka
= 16.77). The numbers at the isobars should be multiplied by 2.

ation, allowed us to find directly the shadow length in
every case. The results are collected in Table 2. In
the two last columns the value of the proportionality
coefficient, x, is shown. It is interesting to note that
the coefficients are near to the previous value of x,.
The value of x calculated for all the spheres indepen-
dently of the sphere radius and sphere material equals
3.7 (with standard deviation 0.5). It means that for a
rough estimation of the shadow length this value can
be used giving an estimation error of about 20%.

CONCLUSIONS

The mathematical and numerical procedures pre-
sented can be used for obtaining shadow patterns be-

Table 2. Shadow length (r_sqs) for various spheres.

Value of x =
a= 'r_eNa®
Typeof sphere 1mm 25mm 35mm Mean SD
12.0a 29.9a 41.8a 36 0.01
10.5a 27.5a 38.5a 32 0.1
14.6a 29.0a 39.8a 3.8 0.5
14.7a 33.5a 46.0a 4.1 0.2

hind spherical objects of various materials when using
short pulses similar to those used in ultrasonography.

However, there are some limitations connected
with ka values. For low values, such as those used in
this study (not higher than 23.37), a PC computer
may be used; however, for higher values, such as those
used in our previous study where ka was equal to 600
(Filipczynski and Kujawska 1989; Filipczyfiski et al.
1991), much more powerful computers should be
used.

Due to this limitation, only spheres with a maxi-
mum radius of 3.5 mm at the frequency of 5 MHz
were considered in our study. This seems to cover
cases of some pathological structures like calcifica-
tions, small kidney or gall stones, and gaseous bubbles.
The shadows behind rigid, steel, gaseous spheres, and
spheres made of kidney stones were presented in an
axonometric projection, in grey-scale as well as acous-
tic isobar patterns, showing many characteristic differ-
ences. One obtains a deep insight into the formation
of the shadow showing its wave structure.

At the current state of this study two characteristic
quantitative conclusions could be drawn. First, gaseous
inclusions cause shadows with very high dynamics of
acoustic pressures (about 15 dB higher in relation to
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all the other spheres). Second, the shadow length—
determined as the distance at which one observes a 6-
dB drop of the acoustic pressure—followed the rela-
tion r_¢ss = 3.7a*/\ with the accuracy of about 20%,
independently on the material or size of the sphere.

These two quantitative conclusions show that
some possibilities of differentiating between gaseous
and solid inclusions and of estimating the inclusion
size from the shadow length exist. The question of
whether and if what kind of information describing the
spherical object can be additionally obtained from the
shadow structure is a fundamental one and needs more
study.

All our considerations were carried out for water
as a tissuelike medium. However, in reality, one should
first take into account the frequency-dependent tissue
attenuation, which may change the results obtained for
water to a great extent. The authors hope to present
such an approach soon.
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APPENDIX
The coefficient, c,,, equals (Hasegawa et al. 1977)

= —[Fpjm(ka) - kaj(ka)V/[F.h (ka) — kah?'(ka)] (A1)

where j!, h%?' denote derivatives of Bessel and Hankel (second
kind) spherical functions. F,, can be expressed by means of the
formula (Anson et al. 1981):

F, =x3p(A, B,)2p(Dn — E,) (A2)

where:

An
= [Mmju(x1) = X jmrr ()M — 1) julx) = Xijmer(2)] (A3)

B, = [2m(m + 1)jn(x)}/[(2m* = x3 = 2) jm(x2)
+ 2% jmei(12)]  (A4)

D, = {[x3/2 = m(m  D]ju(x) = 25 jmer(x1) }:

[(m — 1) ju(x1) = Xijmer ()] (AS5)

E, = {2m(m + D)1 — m)ju(X2) + X2Jmr1(x2)]):
[(2m — 23 = 2)ju(®) + 2X2jme1(%2)]  (A6)

x,=cxle, and x; = cx/c; (A7ab)
where ¢, and c, denote the longitudinal and transverse wave speeds,
respectively.

For the rigid sphere ¢, = « and ¢, = . In such a case one
obtains, from Eqn (A2), the value F,, = 0 and Eqn (Al) gives the
coefficient c,, as expressed by Eqn (16).

For a gaseous sphere p, = 0 and the value F,, = % since x,
+0,x, +0,A, * B,, D,, # © and E, #+ . Then, Eqn (Al) gives
the coefficient c,, as expressed by Eqn (17).



